We study the spin-1 excitation spectra of the flatband ferromagnetic phases in interacting topological insulators. As a paradigm, we consider a quarter filled square lattice Hubbard model whose free part is the π flux state with topologically nontrivial and nearly-flat electron bands, which can realize either the Chern or Z2 Hubbard model. By using the numerical exact diagonalization method with a projection onto the nearly-flat band, we obtain the ferromagnetic spin-1 excitation spectra for both the Chern and Z2 Hubbard models, consisting of spin waves and Stoner continuum. The spectra exhibit quite distinct dispersions for both cases, in particular the spin wave is gapless for the Chern Hubbard model, while gapped for the Z2 Hubbard model. Remarkably, in both cases, the nonflatness of the free electron bands introduces dips in the lower boundary of the Stoner continuum. It significantly renormalizes the energies of the spin waves around these dips downward and leads to roton-like spin excitations. We elaborate that it is the softening of the roton-like modes that destabilizes the ferromagnetic phase, and determine the parameter region where the ferromagnetic phase is stable.
I. INTRODUCTION
Electronic bands with nonzero topological indices reside on the center of a substantial amount of topological phenomena in condensed matter physics 1, 2 . It was proposed in a pioneering work by Haldane 3 that a spinless fermionic model on a honeycomb lattice exhibits integer quantum Hall effect 4 without an external magnetic field. This model, serving as the first example of Chern insulator, breaks the time reversal symmetry with a complex next-nearest-neighbor hopping and is characterized by a nonzero Chern number 5 . Later, the concept was generalized to time reversal symmetric systems with spin-orbital coupling (SOC), such as the graphene 6, 7 and HgTe/CdTe quantum wells 8, 9 . The SOC there generates complex hopping terms similar to that proposed by Haldane but with opposite chiralities for electrons with up spins and down spins, resulting in the quantum spin Hall insulator characterized by a Z 2 index.
The lattice models with nontrivial band topology share much similarity with the two-dimensional electron gas (2DEG) under a strong magnetic field with Landau levels, e.g. the existence of topologically protected gapless edge states 3, [6] [7] [8] [9] [10] [11] [12] [13] [14] . Thus more novel phases other than the Chern insulator or Z 2 insulator are expected when Coulomb interactions are taken into account, as is similar to the fractional quantum Hall effect 15, 16 in the 2DEG with Landau levels. However, different from Landau levels, energy bands in lattice models usually have noneligible dispersions, which weakens the effect of Coulomb interactions. Therefore, in recent years, much effort has been devoted to the design and search of tight-binding models that host nearly-flat electron bands with nontrivial topology [17] [18] [19] [20] [21] [22] [23] . Analogous exotic phases, such as the fractional Chern insulator and fractional topological insulator were numerically verified to emerge in such nearly-flat topological bands when strong Coulomb interactions are turned on 21, [24] [25] [26] [27] .
Another involved intriguing phenomenon arising from Coulomb repulsions in flat or nearly-flat bands is the itinerant ferromagnetism 28 . It was proved by Tasaki and Mielke that the ground state of a flat electron band with a filling factor not more than but sufficiently close to 1/2 is ferromagnetically ordered as long as an infinitesimal onsite Hubbard repulsion is present [29] [30] [31] . Afterwards, this ferromagnetism was shown to be stable against small nonflatness of the electron bands if and only if the Hubbard interaction exceeds a critical value 32 . Spin wave excitations over this ferromagnetic ground state were also studied 33, 34 and itinerant topological magnons have been reported quite recently 34 .
The interplay between flatband ferromagnetism and nontrivial band topology enriches the related physics. In fact, ferromagnetism is essential in the generation of stable fractional Chern insulators in the proposals where the spin degrees of freedom of electrons are considered 17, 26, 27 . Furthermore, ferromagnetism can also lead to possible high-temperature quantum anomalous Hall effect (QAHE) when the nearly-flat topological band is halffilled 35 . In this paper, we study the ferromagnetism and spin excitations from the ferromagnetic ground state in nearly-flat topological bands. As a paradigm, we consider a square lattice Hubbard model whose free part is a π flux model with topologically nontrivial and nearly-flat electron bands. Depending on the nearest-neighbor hopping, the model Hamiltonian either explicitly breaks the time-reversal symmetry but preserves the spin SU (2) rotation symmetry (Chern Hubbard model), or preserves the time-reversal symmetry but explicitly breaks the spin SU (2) rotation symmetry (Z 2 Hubbard model). When the model is quarter filled (or correspondingly, the lower nearly-flat band is half filled), the ground state is spin fully polarized due to the ferromagnetism and exhibits QAHE because of the nonzero Chern number of a single-spin band. Consequently, the charge excitations are gapped and the low energy physics is dominated by the one-spin-flip excitations. These spin-1 excitations have been studied by a generalized bosonization scheme where the interacting fermionic model is mapped to a free bosonic model describing spin-wave excitations at the harmonic approximation 36 . The ferromagnetism was shown to be stable against such spin wave excitations, which are gapless in the Chern Hubbard model and gapped in the Z 2 Hubbard model. However in this bosonization scheme, the free part of the electron model plays no role in the spin wave excitations other than contributing a global constant, suggesting that it should fail due to the competition between the kinetic energy and potential energy of electrons when the nonflatness of the electron bands is not negligible 32 . In fact, in a strictly local periodic tight-binding model, an energy band with a nonzero Chern number cannot be exactly flat 37 . Therefore it remains an open question on whether the ground state is stable against the spin-1 excitations and how the nonflatness of the electron bands manifests itself in the spin-1 excitation spectra in such models.
To elucidate these questions, we adopt the numerical exact diagonalization method with a projection onto the lower nearly-flat band to take close investigations on the spin-1 excitations of the models. A critical magnitude of the Hubbard interaction is found for both the Chern Hubbard model and Z 2 Hubbard model, below which the ferromagnetic phase is unstable. Furthermore, the spin-1 excitation spectra are shown to consist of collective modes (spin waves) and individual modes (Stoner continuum). For the Chern Hubbard model, the spin wave is gapless while for the Z 2 Hubbard model, the spin wave is gapped. Remarkably, for both cases, the nonflatness of the free electron bands introduces dips of the lower boundary of the Stoner continuum, and significantly renormalizes the energies of the collective modes around these dips downward, which leads to roton-like spin wave excitations. With the increase of this nonflatness, the energy of the induced roton-like modes goes down and finally touches zero, which results in the destabilization of the ferromagnetic phase. Therefore, we elaborate the mechanism of the instability of this flat-band ferromagnetism as the softening of the emergent rotonlike modes with the increase of noflatness. We also make a comparison of our results in the flatband limit with those obtained by the bosonization scheme 36 . Qualitative agreements are observed for the Chern Hubbard model, yet notable discrepancy appears for the Z 2 Hubbard model. We attribute the discrepancy to the multimagnon processes, which are ignored in the bosonization scheme but treated exactly in our method after the projection.
The rest of the paper is organized as follows. In Sec. II, we introduce the Chern Hubbard model and Z 2 Hubbard model studied in this paper, discuss the nontrivial band topology of their free parts, interpret the emergence of QAHE resulting from the interplay between flatband 
respectively. Here, δ Due to the complex NN hopping, each electron will acquire a π phase as it hops around a plaquette along the direction of the black arrows as indicated in Fig.  1(a) . Therefore, H 0 describes free electrons hopping on a square lattice in the presence of a fictitious staggered π-flux pattern 38 . For the time-reversal-symmetry-breaking case, α ↑ = α ↓ , the fluxes experienced by spin-up electrons and spin-down electrons are the same, while for the time-reversal-symmetry-preserving case, α ↑ = −α ↓ , they are opposite.
B. Topology of free term H0
Gapped noninteracting fermionic systems can be topologically classified by their Hamiltonians in the momentum space in the presence of symmetries 39 . After the Fourier transformation, the free part H 0 of our model reads
where
Here τ = (τ 1 , τ 2 , τ 3 ) is a 2 × 2 matrix vector, τ 1 , τ 2 , τ 3 are the three Pauli matrices for the sublattice degrees of freedom. The components of D kσ are given by
H 0 can be diagonalized with the transformation
It can be seen that there exists a gap between the d band and f band when t 1 = 0 and t 2 = 0. When there is a gap between the d band and f band, these bands can be shown to be topologically nontrivial by calculating their Chern numbers 5 (for the timereversal-symmetry-breaking case) or Z 2 indices 7,40 (for the time-reversal-symmetry-preserving case). The Chern number for a single spin component of the d band or the f band can be expressed in terms of the coefficients
When the system breaks the time-reversal symmetry,
Therefore, the ground state of H 0 will be a noninteracting Chern insulator and exhibits quantum anomalous Hall effect(QAHE) when the lower d band is fully filled. When the system preserves the time-reversal symmetry, i.e.
the total Chern number of the d band is zero. However, the Z 2 index, which is defined as
of the d band is 1 and nontrivial. As a consequence, the ground state of H 0 will be a noninteracting Z 2 insulator and exhibits quantum spin Hall effect(QSHE) when the lower d band is fully filled.
C. Emergence of QAHE in half-filled nearly-flat topological bands
For a free fermionic system hosting an energy band with a nonzero Chern number or Z 2 index, the distinguished phenomenon resulting from this nontrivial band topology, such as QAHE or QSHE, only manifests itself when the topological band is fully filled. At any fractional filling, the ground state of such a system will be a trivial metal. Intriguingly, when the Coulomb interactions between electrons is introduced, the physics of the nontrivial band topology becomes more involved, especially when the band is nearly flat so that the effects of the Coulomb interactions are highly enhanced. Combined with strong Coulomb interactions, nontrivial topological phases can emerge from fractionally filled topological bands. In this article, we are interested in half-filled strongly-correlated nearly-flat topological bands where QAHE can arise 21, 36 . The essence for the occurrence of this nontrivial phase is the emergence of itinerant ferromagnetism on nearly-flat bands 28 , which fully polarizes all electron spins. Therefore, only one spin component of the topological band will be fully filled exactly, which leads to QAHE due to the nonzero Chern number of that spin component of the band. The Chern Hubbard model and Z 2 Hubbard model on square lattice described above serve as the paradigm, where half filling of the lower electron band corresponds to quarter filling of the whole system because of the existence of AB sublattices. When t 2 /t 1 takes values in a selected region, the d band and f band are quite flat in that the flatness ratio ∆/W , which is defined as the ratio of the gap ∆ between these two bands to the bandwidth W of the lower band, can be as large as 4.83 21, 36 . In the next subsection, we will introduce the exact diagonalization method with a projection onto the lower nearly-flat electron band to study the spin-1 excitations of the ferromagnetic phases in these two topological Hubbard models.
D. Exact diagonalization with projection
Exact diagonalization method with a projection onto the low-energy Hilbert space has been widely applied to systems that host flat or nearly-flat energy bands 21, 25, 26, [34] [35] [36] . This approach applies when the energy gap between the flat or nearly-flat band and other bands is larger than the Coulomb interaction.
For the model we study in this article, the relevant low-energy subspace is the lower electron band, i.e. the d band. Let P denote the corresponding projector, then the Hamiltonian after the projection is
Let |FM denotes the spin-up fully polarized state on the d band,
where FBZ denotes the first Brillouin zone [see Fig. 1 
(b)]
and |0 is the fermion vaccum. Here, d † k↑ creates a spinup electron with momentum k. Then the basis of the spin-1 excitations with a center-of-mass momentum q over this reference state can be written as
which labels a spin-1 scattering channel with the index k i . The dimension of this Hilbert space scales linearly with respect to the number of electron momentums 34 , so a much larger system can be numerically accessed than the usual exact diagonalization without projection. It enables us to analyze the properties of the spin-1 excitation spectra in detail in the whole first Brillouin zone rather than some restricted discrete points solely. The matrix element of the projected Hamiltonian on this spin-1 excitation basis can be easily obtained after some algebra,
Here δ kj ,ki is the Kronecker delta function. Then the full spin-1 excitation spectra can be obtained by the diagonalization of the matrix whose elements are defined by Eq. (16) . It is noted that |FM is the true ground state only if the whole spin-1 excitation spectra have no negative energies. Thus we can use this as the criterion to determine the destabilization of the ferromagnetic phase.
We also want to give some remarks on the flatband limit in the framework of this method. The flatband-limit Hamiltonian shares the same single-particle eigenfunctions as well as the interaction terms with the original one, yet it has exactly-flat single-particle energy bands 21 . Thus the free part h can be defined as
Apparently, the eigenfunctions of h flat kσ are the same with h kσ 's but its energy bands are exactly flat with the eigenvalues being ±1. To approach this limit, long-range hopping terms in the real space must be included 21 . To reveal the physics related to the nonflatness of the d band, we also calculated the spin-1 excitation spectra in the flatband limit for comparison. This can be done by simply throwing away the (16), because of the same single-particle eigenfunctions shared by the flatband-limit Hamiltonian and the original one.
III. NUMERICAL RESULTS
Before the detailed discussion on the spin-1 excitation spectra of the quarter-filled Chern Hubbard model and Z 2 Hubbard model, we present their phase diagrams first, which are shown in Fig. 2 . Here, the colormap represents the ratio of the Hubbard interaction strength U to the lower electron bandwidth W . FM denotes the ferromagnetic phase and NFM denotes the non-ferromagnetic phase. As discussed in Sec. II D, the phase boundary is determined as the onset point of U below which negative spin-1 excitation spectra arise. The phase diagrams of these two models appear quite similar. It is obvious that a critical Hubbard interaction strength is needed to maintain the ferromagnetically ordered ground state when the electron band has finite nonflatness. Furthermore, the phase boundaries always lie near the contour line with U/W = 2.0. Qualitatively speaking, these observations are expected as a result from the competition between the kinetic energy and potential energy of the electrons, as a fully spin-polarized state minimizes the energy of Hubbard interactions but cost more energy when the electron band disperses. In the following, we will elaborate the spin-1 excitation spectra of these models.
A. Chern Hubbard model
In this subsection, we focus on the quarter-filled Chern Hubbard model. In Fig. 3(a) , we present the spin-1 excitation spectra in the FM phase along a high symmetry path in the first Brillouin zone with the parameters marked by the red star in Fig. 2(a) . It is shown that there are two kinds of obviously different excitations: one contains two low-lying modes labeled by the green solid lines exhibiting well defined band structures, and the other forms a high-energy continuum as labeled by the shaded area. We find that, for these two kinds of modes, the patterns of the contributions from each spin-1 particle-hole scattering channel of electrons, which are embodied in the eigenvectors Ψ q (k i ) of Eq. (16), are quite different. In Fig. 3(b) , the spectral weights of each scattering channel, i.e. |Ψ q (k i )| 2 as a function of k i , for the four lowest levels with the center-of-mass momentum q = (0, 0) (Γ point) are shown. It is clear that for the modes in the green solid lines [ Fig. 3(b 1 ) and Fig. 3(b 2 )] , the spectral weights come from a quite broad range of scattering channels; indeed, the spectral weight for the lowest mode at Γ point is even homogeneous for all scattering channels. However, for those in the shaded area [ Fig. 3(b 3 ) and Fig. 3(b 4 ) ], the spectral weights almost come from a single scattering channel. Therefore, the modes in the green solid lines are collective spin-1 excitations and are identified as the spin waves, while the modes in the shaded area are individual spin-1 excitations and are identified as the Stoner continuum. The spin waves consist of an acoustic branch and an optical branch due to the AB sublattice of the model. The acoustic branch is gapless at the Γ point and disperses quadratically away from the Γ point, which is the character of a ferromagnetic excitation with a Goldstone mode as the spin-fully polarized ground state spontaneously breaks the spin SU (2) rotation symmetry. Additionally, the acoustic and optical branches are degenerate along the X-M path.
In the flatband limit, the spin-1 excitation spectra as shown in Fig. 3(a) as the green dashed lines show several similarities with the dispersive case, including the constitution of the spin waves and Stoner continuum exhibiting as a flat line at E = 0.5U , the gapless acoustic spin wave and its quadratical dispersion near the Γ point, and the degeneracy between the acoustic and optical branches along the X-M path. Comparing results in the flatband limit with those obtained by the generalized bosonization method at the harmonic approximation [see Fig. 4 in Ref. 36 ], one will find that two results are qualitatively quite consistent. In the scheme adopted in Ref. 36 , the ignorance of the interactions between magnons suggests that only the single-magnon excitations are captured. So, this consistence indicates that the interactions between magnons shows a negligible effect in the flatband limit. However, when the free band becomes dispersive, considerable distinct features appears. Now, the spin-wave energies around the X = (0, π) and O = (π/2, π/2) points are strongly suppressed, as a result two local minima are formed at X and O which can be ascribed to the emergence of the roton-like spin-wave excitations. Furthermore, the continuum exhibiting as a straight line in the flatband limit extends to a large grey region shown in Fig.  3(a) with dispersive boundaries, and the local minima of its lower boundary coincide with those in the spin-wave dispersion, as indicated by the black arrows in Fig. 3(a) .
This observation shows that it is the extending of the Stoner continuum arising from the nonflatness of the d band that pushes down the spin-wave excitations. In particular, it suggests that the couplings between the individual excitations and spin waves would be responsible for the emergence of the roton-like spin waves.
The formation of the dispersive boundary of the Stoner continuum can be understood by a simple band-splitting picture as shown in Fig. 4(a) . In the presence of ferromagnetism, the spin-down and spin-up electron bands are split in energy which is roughly proportional to U m , with U the Hubbard interaction and m the average magnetic moment per site. Fig. 3(a) . (c1-c4) Spectral weights subtracted by those in the flatband limit for the lowest four eigen levels of the spin-1 excitation spectra with q = (π, 0). filled electron model with two inequivalent sublattices, m = 1/2. Consequently, an individual spin-1 excitation, i.e., a mode in the Stoner continuum, corresponds to the excitation of an electron from the fullyfilled spin-up band to the empty spin-down band with an energy proportional to the difference in the initial and final states plus the band splitting U/2. Indeed, the δ function-like distribution of the spectral weights of a mode in the Stoner continuum [as has be seen in Fig. 3(b 3 ) and Fig. 3(b 4 ) ] implies that its excitation energy can be approximated by the corresponding diagonal term in Eq. (16) . Numerically, we also find that the term
Therefore, the excitation energies of the Stoner continuum are roughly ε d↓ (k i −q)+ U 2 −ε d↑ (k i ), which is consistent with the above analysis. The lower and upper boundaries of the Stoner continuum determined in this way are plotted as the blue solid lines in Fig. 3(a) , which fits extremely well with the true boundaries of the shaded area, thus verifies the validity of this simple argument.
With this picture, the position of a local boundary bottom of the Stoner continuum is determined by the transferred momentum of the particle-hole scattering between a spin-up maximum and a spin-down minimum. Thus, in Fig. 4(b) , we mark the local maxima of the spin-up band with red solid circles and the local minima of the spin-down band with purple ones. One can see that the transferred momenta coincide completely with the positions of the local bottoms in Fig. 3(a) indicated here by green arrows.
To understand the renormalization of the spin waves observed above, in Fig. 4(c) , we plot the spectral weights of the four lowest levels subtracted by those in the flatband limit at momentum q = (π, 0) (X point). The differences concentrate around the scattering channels labeled by k i = (±π, 0) and k i = (0, ±π). However, the results for the collective modes [ Fig. 4(c 1 ) and Fig.  4(c 2 ) ] are positive while those for the individual modes at the Stoner continuum boundary bottom [ Fig. 4(c 3 ) and Fig. 4(c 4 ) ] are negative. Therefore a noticeable amount of spectral weights transfer from the latter to the former, which indicates a strong coupling between the spin waves and the nearby Stoner continuum. This coupling renormalizes the energies of the spin waves and leads to the occurrence of a roton-like local minimum for the optical branch.
The emerged roton-like spin waves are essential for the destabilization of the ferromagnetic phase. In Fig. 5(a 1 ) and 5(b 1 ), we plot the spin-1 excitation spectra of the model near the FM/NFM phase boundary, with two sets of parameters marked by the blue stars in Fig. 2(a) . The corresponding illustrations of the band-splitting picture are shown in Fig. 5(a 3 ) and 5(b 3 ). Combined with Fig.  3(a) , it can be seen that the increase of the nonflatness leads the boundary bottom marked by q 1 to move toward low energies further. In this process, a roton-like local minimum in the acoustic band appears nearby, which can be seen more clearly in Fig. 5(a 2 ) and 5(b 2 ) . With the increase of the nonflatness of the electron band, the energy of this newly formed roton-like mode goes down and touches zero, which leads to the destabilization of the ground state. From Fig. 5(a 3 ) and 5(b 3 ), we can see that the ferromagnetic ground state is quite robust against the spin-1 flips until the top of the spin-up band is approaching near to the bottom of the spin-down band. Considering that the energy splitting of these two bands is U/2, the destabilization point would be quite close to U/2 ∼ W .
B. Z2 Hubbard model
In this subsection, we focus on the quarter-filled Z 2 Hubbard model. Its spin-1 excitation spectra along a high symmetry path in the first Brillouin zone with the parameters marked by the green stars in Fig. 2(b) are plotted in Fig. 6 (a 1 ) (t 2 = 0.650, U = 2.0) and Fig. 6 (b 1 ) (t 2 = 0.741, U = 2.0), respectively. Same as the case of the Chern insulator discussed in Sec. III A, the low-lying green solid lines are identified as the spin waves (collective modes) and the high-energy shaded areas the Stoner continuum (individual modes). Overall, the whole spectra are different from those in the Chern insulator shown in Fig. 3(a) . In particular, the collective modes here are gapped because the Z 2 Hubbard model explicitly breaks the spin SU (2) rotation symmetry and no spontaneous continuous symmetry breaking occurs in the ferromagnetic phase. Besides, the acoustic and optical bands are degenerate along the Γ-X path, instead of the X-M path reported in the subsection III A.
The corresponding spectra in the flatband limit are also shown in Fig. 6(a 1 ) and Fig. 6(b 1 ) as the green dashed lines. Noticeable differences can be found when we compare our result in the flatband limit with that obtained by the generalized bosonization method [see Fig. 5 in Ref. 36 ]. On the one hand, the band bottom of the spin waves in our results lies at the M points while theirs lies at the Γ point. On the other hand, the acoustic and optical branches are degenerate along the Γ-X path, which is same as the results for a dispersive band as discussed in the above. This is in sharp contrast to that obtained in Ref. 36 , which are degenerate along the X-M path. These discrepancies are attributed to the effects of multimagnon processes which are ignored in their scheme. The above observation suggests that the interactions between magnons have an essential effect on the spin excitations in the Z 2 Hubbard model, though they have a negligible effect in the Chern Hubbard model as discussed above.
Similar to the Chern Hubbard model, the introduction of the dispersion to the flatband leads to the appearance of three local minima (roton-like modes) along the Γ − X − M − Γ direction for both acoustic and optical bands, respectively. The momentum positions of these minima coincide the corresponding boundary bottoms of the Stoner continuum, suggesting that the renormalization of the spin-wave bands is due to the coupling between the spin waves and Stoner continuum. In the band-splitting picture as proposed above, the position of a local boundary bottom of the Stoner continuum is determined by the transfer momentum of the particle-hole scattering between a spin-up maximum and a spin-down minimum. Therefore, we present in Fig. 6 (a 2 ) and 6(b 2 ) the dispersions for the lower electron bands in the Z 2 Hubbard model showing the splitting of the spin-up and spin-down bands. The corresponding local maxima (red solid circles) of the spin-up bands and local minima (purple solid circles) of the spin-down bands in the first Brillouin zone are shown in Fig. 6(a 3 ) and 6(b 3 ) . One can see that the momentum positions of the boundary bottoms as marked by the black arrows in Fig. 6(a 1 ) and Fig. 6(b 1 ) (here only q 1 is plotted for illustration) match the transferred momenta between the spin-up and spindown bands, which gives a firm support of the picture based on the band splitting.
From Fig. 6 (a 1 ) to Fig. 6(b 1 ), the ratio of the Hubbard interaction to the lower electron bandwidth U/W decreases. In this process, the roton-like mode with momentum q 1 approaches to zero, indicating the destabilization of the ferromagnetic ground state. So, the parameters used to get the result in Fig. 6(b 1 ) marks the boundary between a ferromagnetism phase and a nonferromagnetic phase as shown in the phase diagram Fig.  2(b) . From the band splittings shown in Fig. 6(a 2 ) and Fig. 6(b 2 ) , one can see that the relative energies at the Γ and M points increases while that at the X (Y ) points decreases in this process. Consequently, although the momentum positions of the forementioned boundary bottoms remain the same, the corresponding scattering channels are in fact different, which are shifted from (0, 0) → ( Fig. 6(a 3 ) and Fig. 6(b 3 ). In fact, we find that the energy of the spin-up band at O almost overlaps with the bottom of the spin-down band at X as shown in Fig.  6(b 2 ). This result demonstrates that the ferromagnetic ground state is also quite robust against spin flips until the indirect gap between the spin-down and spin-up bands vanishes, which means the phase boundary of the FM/NFM is also quite close to U/W = 2 from the discussion in Sec. III A.
IV. SUMMARY AND DISCUSSION
In summary, we have considered the flatband ferromagnetic phases in a quarter-filled Chern Hubbard model and a quarter-filled Z 2 Hubbard model in this paper. By using the numerical exact diagonalization method with a projection onto the lower nearly-flat electron band, we determine the critical Hubbard interaction strength below which the ferromagnetic phase is unstable, and elaborate the ferromagnetic spin-1 excitation spectra of these models. Both spectra consist of collective modes (spin waves) and individual modes (Stoner continuum). For the Chern Hubbard model, the spin wave is gapless while for the Z 2 Hubbard model, the spin wave is gapped. Remarkably, in both cases, the nonflatness of the free electron bands introduces dips in the lower boundary of the Stoner continuum. As a result, it renormalizes significantly the energies of the collective modes around these dips through the couplings between spin waves and individual modes in the Stoner continuum, and leads to roton-like spin wave excitations. We find that the destabilization of the ferromagnetic phase arises from the softening of the roton-like mode, whose energy goes down gradually with the increase of this nonflatness.
We would like to remark that the physics of the downward renormalization of the energies of the collective modes affected by the boundary bottoms of the Stoner continuum shares similarity with that observed in the two-dimensional antiferromagents, where the spin waves are interpreted as bound states of confined spinons and the suppression of energies of spin waves around the continuum bottom is attributed to their couplings to the nearby deconfined spinon continuum [41] [42] [43] [44] [45] . In addition, although correlated nearly-flat topological bands are hard to realize in real materials, they are possible to be designed in cold-atom systems. In fact great progress has been made very recently [46] [47] [48] [49] . We expect our results will stimulate related investigations in future cold-atom experiments.
